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Analysis of fracture growth, and in particular at interfaces, is pertinent not only to 
load-carrying members in composite structures but also as regards, e.g., adhesive 
joints, thin films, and coatings. Ordinarily linear fracture mechanics then constitutes 
the common tool to solve two-dimensional problems occasionally based on beam 
theory. In the present more general effort, an analysis is first carried out for de-
termination of the energy release rate at general loading of multilayered plates with 
local crack advance either at interfaces or parallel to such. The procedure is accom-
plished for arbitrary hyperelastic material properties within von Karman plate theory 
and the results are expressed by aid of an Eshelby energy momentum tensor. By a 
feasible superposition it is then shown that the original nonlinear plate problem may 
be reduced to that of an equivalent beam in case of linear material properties. As 
a consequence of the so-established principle, the magnitude of mode-dependent 
singular stress amplitude factors is then directly determinable from earlier two-
dimensional linear beam solutions for isotropic and anisotropic bimaterials and 
relevant at determination of cohesive and adhesive fracture. The procedure is il-
lustrated by an analysis of combined buckling and crack growth of a delaminated 
plate having a nontrivial crack contour. 
1 Introduction 
In layered composite materials and structures (including sur-
face layers and coatings) crack propagation, or commonly 
delamination, has become an issue of increasing technological 
importance. To analyze the matter, however, severe complex-
ities may emerge mainly related to material properties and 
growth criteria in nonlinear situations. Accordingly, the major 
concern has so far been restricted to linear material behavior 
and self-similar crack growth, cf., e.g., Chai et al. (1981), 
Evans and Hutchinson (1984), and Yin (1985). 
The classical criterion for crack growth is associated with 
that of Griffith and to this end Storakers and Andersson (1988) 
have recently established a method to determine energy release 
rates within von Karman's plate theory in general circum-
stances. Although the approach may apply to determination 
of stability of crack growth at perfectly brittle homogeneous 
materials, it is well known that crack propagation will in gen-
eral be more involved, and in particular when regarding mode 
dependence and growth resistance. For homogeneous and iso-
tropic materials cracks usually adapt themselves to propagate 
in mode I, while at bimaterial interfaces, mixed modes are 
rather the rule. 
When beam-type structures are at issue, usually the energy 
release rate at growth of straight cracks may, in an asymptotic 
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approximation, be determined by analytical means. At decom-
position into stress intensity factors, however, two-dimensional 
theory must generally be drawn upon. In this spirit split bi-
material beams have recently been analyzed by Suo and Hutch-
inson (1990) for isotropic materials and additional results 
pertaining to a variety of geometry and material parameters 
have been summarized by Hutchinson and Suo (1992). 
When it comes to plates or, alternatively, shells, and with 
the present purpose in mind, it is then definitely advantageous 
to reduce the problem by one dimension for energy release 
rates to apply to corresponding beams. It may be shown then, 
by a feasible superposition procedure, that this may be readily 
brought about and associated stress intensity factors conven-
iently determined. In particular, when shearing modes are un-
coupled, results will be asymptotically exact. Regarding the 
remaining in-plane modes arising from opening and sliding, 
the decompositions by Suo and Hutchinson (1990), may be 
readily identified and also alternative approaches may be in-
vestigated. In case of bimaterials with no unambiguous de-
composition singular stress intensity factors may accordingly 
be determined for plates based on reduced beam results as 
epitomized by Hutchinson and Suo (1992). Once this issue is 
resolved, crack growth may be predicted in general circum-
stances for specific growth criteria. 
2 Reduction of General Energy Release Rates for Plates 
to Beams 
The present issue concerns deformation and possible crack 
growth of a multilayer plate composed of an arbitrary number 
of lamina. For simplicity, though not without loss of gener-
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Fig. 1 Multilayered composite plate with a plane crack parallel to an 
interface 
<5ai 
ality, only a single crack, as shown in Fig. 1, is analyzed. Each 
lamina is locally homogeneous but otherwise arbitrary. Ex-
ternal loading is prescribed either by dynamic or kinematic 
constraints or mixed ones. The crack as depicted in Fig. 1 must 
not necessarily be located between two dissimilar lamina, but 
only be assumed parallel to an interface. 
Mainly in order to also accommodate the case of buckling 
of thin plates, nonlinear kinematics within von Karman's ap-
proximation is adopted. Thus, total strains, ea@, may be com-
posed by a stretching term, e"s, and a curvature term, e*p, 
such that 
when expressed in displacements as 
1 
and 
ea0 — ~ (Wa]l3 + Mj3,a + «3,a
M3,/3) 




where, as in ordinary notation, Greek indices run from 1 to 
2. 
The constitutive behavior is defined by a strain energy func-
tion locally for each individual plate member 
generating membrane forces 
dW 
N„a = : 
3e„ 







with the notation simplified to ema$ = ta&. 
In their approach to determine energy release rates also based 
on a complementary strain energy function, Storakers and 
Andersson (1988) introduced nominal membrane forces de-
fined by 
dW n\ 
Sai = Z . (7) 
roman indices running from 1 to 3. 
As a consequence of (2) and (5), it then follows that 
safi = Nafi (8) 
and 
sai = Nafiu3yfi. (9) 
When a crack starts to grow smoothly by a local amount ba 
as measured in the normal direction na and shown in Fig. 2, 
./ 
n 
Fig. 2 Smooth delamination growth by an amount Sa in local normal 
direction, n 




Pa/3 — Wbap — SayUy£ + MayU^yp — QaUii& 
(10) 
(11) 
Storakers and Andersson (1988), Qa denoting the shear force. 
In particular, II II denotes the jump locally at the crack 
contour and Pa!3 corresponds to a plate version of Eshelby's 
energy momentum tensor satisfying the balance equations 
PaP,a—PiUj,g — 0 (12) 
where p{ is the pressure on plate surfaces as shown in Fig. 1. 
In order to determine explicitly the energy released per unit 
area of local crack growth, it is advantageous to align a co-
ordinate direction X\ normal to the crack front yielding the 
energy release rate 
I I P l 1 « = l » ' - S l a M B i , + M l a M 3 i a , - g i l l 3 . l l . (13) 
By the coordinate system so introduced, simple continuity 
conditions will result at summation of individual lamina. Thus, 
regarding dynamic variables for in-plane membrane forces 
(*) 
and shear forces 
1° - V C( 
Q? = SGi*'. 
in the notation depicted in Fig. 3, where k= 1,2. 




where x°, x\k) denotes the distance to the middle surface of 
the individual plate, members referred to a common surface. 
Regarding kinematics, and, in analogy, for compatibility in 
conformity with the Kirchhoff plate assumption, 
Ua —X3 « 3 , a - « a
_ ^ 3 u 3 , a > u3 ~ " 3 > «3 ,1— M 3, l i U ' ) 
where u°, u3
k) denotes the displacements at the middle surface 
of individual plate members and due to continuity, (17) admits 
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Fig. 3 Split element with resulting plate variables 
further differentiation with respect to d/dx2, i.e., along the 
crack front. 
Summing up thus far and making use of the continuity 
conditions (14) to (17), the specific form of the energy release 
rate as given by (13) reduces to 
- E ^ ' - s M - A / M ) . (18) 
k 
The general approach for plates and resulting Eq. (18) was 
sketched earlier (Storakers, 1989) to apply also to shells, but 
details are still open for exploration. In case of imperfect plates, 
the matter may be formally dealt with within the Marguerre 
theory. 
From several points of view it now proves advantageous for 
the so-posed plate problem to formally reduce the expression 
for the energy release rate by a superposition resulting in an 
equivalent split beam. Thus, a local homogeneous superpo-
sition at the crack front with 
«?=-«? , (19) 
together with associated derivatives, will render the defor-
mation to vanish locally at the uncracked plate, as proposed 
in an ad hoc manner in particular situations by earlier writers, 
but more decisively and generally by Gudmundson (1989). 
The associated superposed strains and curvatures then be-
come 
— O O —Q Q ("tfW 
respectively, with dynamic variables accordingly. 
By expressing the so-introduced locally homogeneous su-
perposition by aid of variables associated with the cracked part 
of the plate, the resulting strains and curvatures become 
where k=\,2. 
Then, from a purely formal point of view, the energy release 
rate as given by (18) may be rearranged as 
P= - S (WM+WM-stfuXl-slSu!*} 
k 
-MISKXP-MWKLV). (22) 
So far the strain energy function IV, (4), has been left un-
specified, but towards a resulting true superposition principle, 
it is obvious that material linearity is required. Involving the 
restriction that Wis a quadratic though still otherwise arbitrary 
function of eap, Ka$, then 
2 ^ = V a ? + % a S > (23) 
with an obvious associated reciprocity relation 
saff^aff +MapKap - Sa0eal3 + MapKap. (24) 
Thus, based on the introduced kinematic superposition (19), 
(20) with resulting continuity conditions (14), (16), (17) and 
the prescribed constitutive linearity (24), then (22) reduces to 
+ ( M $ + Af # ) ( « # + «$)] - (*£> + *{?)(«$ + «*,,) 
-(M!*>+M|*>)(«i?»+ «£}>)] (25) 
remembering also the kinematic continuity at the crack front, 
i.e., 
« $ + « $ = 0, u$ + u$=0, « # 2 + H £ 2 = 0 (26) 
by (17). 
Through the Foppl strain definition, (2), finally the strain 
energy release rate simplifies to 





As a consequence the energy release rate, as originally ex-
pressed for a nonlinear cracked plate, now follows simply for 
an equivalent split beam, although all three modes of opening, 
sliding, and shearing are involved. This technical result might 
possess some intrinsic virtues as regards energy release rates, 
but the main objective is continued partitioning of fracture 
modes from beams modeled in one or two dimensions. 
3 Mode Partitioning of the Energy Release Rate 
Already at homogeneous material behavior it is well known 
that the prediction of crack growth may not ordinarily result 
in a very high accuracy in mixed-mode situations when based 
on a simple energy balance criterion. Instead, it is customary, 
in Irwin's spirit, to decompose fracture parameters into the 
three fundamental crack modes by stress intensity factors. A 
crack growth criterion then has to be defined in a form 
f(K„K„,K„d = 0 (28) 
to be given for a specific material. 
In particular, when related to the energy release rate, 
G = l-^~ (Kj + K2,,) + ±- K)u (29) 
E 2ji 
for an isotropic material in ordinary notation, (28) may apply 
to one particular form when G=GC within Griffith's approach. 
It is evident by (29) that in case of homogeneity, and at least 
cubic isotropy, the stress intensity factors are uncoupled and 
readily identified by the expression for the energy release rate. 
This is also so in more general situations and as regards the 
present plate theory when shearing modes are uncoupled from 
in-plane loading, resulting in opening Kj and sliding Kn, the 
stress intensity factor KUI may be immediately identified by 
(27) and (29) to read 
KUI- 2j V- <-Sl2 A« 12 +£12 ) (Iv) 
k 
when in-plane properties may be arbitrarily anisotropic. 
The remaining modes are due to extension and bending given 
explicitly only by a coupled effective value. To attempt a fur-
ther decomposition it is worthwhile, for simplicity, to first 
retain the assumptions of in-plane homogeneity and isotropy. 
Further, to make contact with engineering notation, new vari-
ables are introduced according to Fig. 4 such that by (27) and 
(29), an effective value becomes 
K) + K),= E . [-(/Ve,+MK,) + /Ve2 + M*K2], (31) 2(1 -v) 
where, due to equilibrium, 
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Fig. 4 Split element with resulting beam variables after superposition 
M*=M+N(h + H)/2. (32) 
To determine the stress intensity factors individually in a 
nonapproximate manner is only possible in truly symmetric 
and antisymmetric situations. Thus, in case of symmetry-in-
duced geometry, h = H, and loading, N= 0, then at pure bend-
ing, K\= —K2 with 
K) = -JTMKI, Kn=Q (33) 
( 1 - i n -
exactly. 
Likewise, in purely antisymmetric situations such that h = H 
and N= —2M/h, then at antisymmetric bending K\ = K2 and 
K,= 0, K},= 
3E 
8(1 2\ -V) 
MK, (34) 
These results may also be combined and are asymptotically 
exact when t«a (characteristic thickness to crack length) in 
the sense that it is tacitly assumed inherent in the present plate 
model. Thus, at combinations of loadings resulting in (33) and 
(34), mixed-mode fracture toughness results are viable for de-
termination. Some particular cases for pure and mixed-mode 
split beams, also in case of orthotropy, have been illustrated 
by Hutchinson and Suo (1992). Although in an exact asymp-
totic sense cracks are required to be of infinite length, these 
writers have concluded that characteristic lengths of approx-
imately a>3t will suffice at reasonable accuracy. 
Explicitly, (33) and (34) may also be recovered from earlier 
direct beam results as given, e.g., by Tada et al. (1985). In the 
case of pure bending, these writers have also proposed a more 
general approach, and with nonsymmetric properties implying 
«\ ^ - K2. Such an attempt is, however, deemed to be approx-
imate. 
When based on (31), (32), it should be remembered that in 
(33) and (34) two solutions exist for K, and Kn, respectively, 
and they must be properly identified. If K,<0, the solution is 
physically inadmissible, as crack lips will be overlapping in the 
present situation. For Kn, the proper sign of sliding must be 
in conformity with the external loading. 
Starting from a different assumption, Williams (1988) has 
argued that for two beams having equal curvatures, pure mode 
II will result and admit decoupling in general situations. Again, 
this proposal will simply predict mode I at pure bending, al-
though it is known from two-dimensional analysis in this sit-
uation that the ratio Kn/Kr is generally nonzero, except in case 
of full symmetry. In particular, when the thickness of one> 
member is vanishing, the mode ratio will take on a maximum 
value Kn/Ki of 0.786 as determined by a boundary collocation 
method (Cotterell et al., 1985) and 0.777 by an integral equa-
tion method (Thouless et al., 1987). 
Additional two-dimensional results for a split beam sub-
jected to stretching and bending are given by Suo and Hutch-
inson (1990) for isotropic bimaterials. For the particular case 
of homogeneous beam properties at pure bending, the mode 
Fig. 5 Ratio of stress intensity factors, KalK/t as function of thickness 
ratio, hlH, for pure bending of a split beam according to Suo and Hutch-
inson (1990), (35) and (36), respectively 
results for the thickness ratio are reproduced in Fig. 5. It may 
be seen in particular that a mode II component may be sub-
stantial, although the external loading is due only to symmetric 
bending moments. 
Although similar findings are available from two-dimen-
sional analysis, also in more general situations it might be 
tempting in the spirit of Williams (1988) to attempt a decom-
position of stress intensity factors from kinematic symmetry 
and antisymmetry arguments based on the Euler-Bernoulli 
beam theory (Storaker's (1989)). 
Possible candidates may be based on maximum strains at 
the crack tip resulting in 
Kn_hKi+HK2 
Kj flKi-HK2 
or deflections such that 
Kj KX - K2 
(35) 
(36) 
as related to Fig. 4. 
Based on (27), (35), and (36), it is readily found that in both 
cases the energy release rate decouples. The resulting ratios 
K/f/K/ are also given in Fig. 5 as a comparison to exact ones 
by Suo and Hutchinson (1990). It is evident though that the 
accuracy is at most moderate, although symmetry assumptions 
based on strains, (35), are favorable as compared to deflec-
tions, (36). Whatever measures are adopted though, when the 
thickness of one beam member is vanishing, i.e., K2—Q, it is 
inevitable that K/j/Kj—l, ( K 2 / K I < 0 ) , which is in substantial 
contrast to the exact value 0.777 as indicated above. 
An alternative to determine energy release rates in reduced 
form (and applicable also to plates) was recently proposed by 
Schapery and Davidson (1990). In particular, their approach 
is based on resulting internal forces and moments acting at 
crack-tip boundaries. For decomposition into stress intensity 
factors, Schapery and Davidson (1990) rely on finite element 
solutions as demonstrated by way of particular illustrations. 
These writers also recognize the advantage of possibly avoiding 
numerical two-dimensional solutions, and by conjecture, es-
sentially assume ̂ /-values to be independent of in-plane forces. 
Following this approach, in the discriminating case of pure 
bending as analyzed previously, the conjecture does indeed 
lead to nonvanishing KJrvalues, although in the extreme case 
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of vanishing thickness, Kn/Kj turns out to be V3 in contrast 
to the exact value 0.777 in case of homogeneity and isotropy. 
Thus, to arrive at a general but reasonable approximation for 
beams of stress intensity factors, it is not to be anticipated 
remembering also the severe kinematical constraints intro-
duced by the Euler-Bernoulli theory in two-dimensional situ-
ations. 
Recapitulating then members discussed so far (such as lam-
inates, sandwich plates, and thin films) may manifest them-
selves through nonlinear plates as outlined above, and again 
by the superposition principle, the resulting energy release rate 
will reduce locally to that of crack growth in an equivalent 
linear beam. Toward prediction of mode-dependent fracture, 
however, it is notoriously well known that for interface cracks 
in bimaterials, stress intensity factors may not be unambigu-
ously defined. Thus, separability of modes at interface cracks 
of anisotropic bimaterials is much restricted. For one thing, 
necessary and sufficient conditions have only recently been 
detailed by Qu and Bassani (1988) for purely two-dimensional 
situations or when in-plane and antiplane deformations de-
couple. The resulting standard square-root singularity has then 
been explicitly illustrated for a finite Griffith crack by Bassani 
and Qu (1989). 
At the interface of a plane isotropic bimaterial case, singular 
stresses may be expressed by aid of complex variables in the 
notation by Rice (1988) as 
<Jl2 + iO\2 = -7T— (37) 
\I2-Kr 
where 
K=K{ + iK2, £ = 7-In 7 ^ | (38) 
2TT l+p 
with (3 given by the Dundurs parameter, 
^1-2^-^1-2,0 (39) 
in(i-v2) + mi-vi) 
for Hookean materials. 
For a bimaterial, when stress amplitudes are given in a com-
plex fashion, their dimension also becomes awkward. At first 
instance, however, this does not affect the original problem 
posed to reduce results for nonlinear plates to that of nonlinear 
beams, as at any event, the energy release rate will be a real-
valued quantity (Malyshev and Salganik, 1965), and in par-
ticular, for isotropic solids (Hutchinson et al., 1987), 
V Mi M2 / 4cosh ire \m n2/ 4 
Thus, once the energy release rate has been identified in 
equivalent beam variables, the composition of singular stresses 
may be immediately read off from the two-dimensional results 
given for individually isotropic bimaterials (Suo and Hutch-
inson (1990) and also orthotropic ones, Suo (1990)). 
Only when /3 = 0 in (39) do the stress amplitudes in (38) reduce 
to the conventional stress intensity factors. The energy release 
rate may then be decomposed into 
2 \ Ei E2 J 4 \m H2/ 
(Hutchinson, 1990), with all three modes unambiguously pres-
ent at uncoupled shearing. 
Toward identifying fracture parameters, for representative 
materials, e is usually expected to be small by a few percent 
(Suga et al., 1988). A pragmatic view used to obtain stress 
intensity factors, as advocated in particular by Hutchinson 
(1990), is to suppress the oscillatory material behavior and 
adopt /3 = 0. In this approximation, the ratio of stress intensity 






•4 9 a 
Fig. 6 FEM mesh for a circular delamination under uniaxial nominal 
compression 
rate may be left unaffected. The matter will not be elaborated 
upon further at this time. 
4 Buckling and Growth of a Circular Delamination 
Under Uniaxial Compression 
The efforts so far have been focused on an efficient method 
to determine energy release rates eventually and ensuing iden-
tification of stress intensities at nonlinear kinematics. What 
remains to elaborate on is a procedure to predict and analyze 
interf acial fracture initiation and possible growth. To deal with 
the latter problem (which is, essentially, to determine a moving 
boundary), a recent method proposed by Nilsson and Gian-
nakopoulos (1990a, 1990b) will be drawn upon. 
Crack growth for delaminated plate members had been dealt 
with earlier, to a large extent, for rectilinear and circular crack 
contours; (e.g., Chai et al., 1981; Evans and Hutchinson, 1984; 
and Yin, 1985) and by commonly implying material homo-
geneity and isotropy. On the other hand, for nontrivial con-
tours, cracks seem to have been analyzed only for initiation. 
To that end and in order to also accommodate combined buck-
ling and crack growth, the necessary details will be briefly 
outlined. 
The problem in formulating von Karman equations for bi-
furcation buckling and post-buckling is a standard one and 
has essentially been posed previously, save for the equilibrium 
equations 
Sc0,a+Pp = O (42) 
and 
Mafl,af> + sa3,a+P3 = 0 (43) 
in the previous notation, and obvious boundary conditions 
consonant with Fig. 1. 
A particular member to be analyzed was chosen as a single 
embedded circular delamination on a thick substrate subjected 
to uniaxial nominal compression. To deal with delamination 
growth a finite element mesh, combined with an automatic 
mesh generator, was designed as shown in Fig. 6. Due to 
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Fig. 7 Transverse displacement distribution for buckled plate, u3lt, along 
x, = 0, (—), and x2 = 0, (—•), for e0/e§
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Fig. 8 Nondimensional beam variables Nn(s), (••••), and /W,,(s), (—), 
along the circular delamination front for £,/<;"= 1.03 and 1.28, respec-
tively 
symmetry of the stated problem, only one quarter was mod-
eled. Thus, the global plate illustrated was rectangular with 
side lengths 18a and 12a—the circular delamination having the 
radius a. 
When the prospective crack front moves, the associated mesh 
must be updated. Then the front is adopted as an internal 
boundary and is displaced. The associated change of element 
angles was minimized (in a weak sense) resulting in a new 
effective mesh in a way as detailed by Nilsson and Gianna-
kopoulos (1990a, 1990b). 
The finite element method itself was based on the plate 
theory using four-noded shell elements (Bathe, 1982) and im-
plemented in a finite element code Solvia. The program utilizes 
large deformations in the sense of full Green-Lagrange finite 
strains and Mindlin's plate theory. For computational con-
venience, these features were presently adopted. With small 
strains and transverse deflections being of the same order of 
laminate thickness, however, the actual difference from the 
moderate rotation von Karman theory was found to be neg-
ligible. 
The illustrated procedure was chosen partly for technical 
reasons and, for simplicity, the homogeneous isotropic linear 
elastic material behavior, E,v, was adopted. Further, the sub-
strate was assumed to be substantially thicker than the plate 
lamina, t. 
As a consequence, the kinematical constraints 
«3 = 0, M3,a = 0 (44) 
were enforced for the thick plate including the internal bound-
ary. 
For nominal uniaxial compression, the conjugate boundary 
conditions for the global plate reduce to 
Mi=-9ae 0 ) ffi2 = 0 (45) 
for X\ = 9a and 
<72c = 0 (46), 
for Xi = 6a in conformity with Fig. 6. For explicitness, t/a — 0.05 
and c = 0.3 were chosen. 
Once the boundary value problem had been formulated in 
the manner outlined, the bifurcation buckling problem was 
solved first. It was found then that buckling initiated at 
eor = 2.52 (t/a)2, the critical value of nominal strain as pre-
scribed in (45). The associated buckling mode was then drawn 
upon to carry out a post-buckling analysis. 
The results for transverse displacements u^/t of the delam-
inated plate are shown in Fig. 7 for two loadings e0= 1.03 e
cr 
and 1.28 e%, respectively. It is evident then that the relative 
change in shape is not substantial when normalized displace-
ments are still less than unity. What is more noteworthy, how-
ever, and to be further elaborated upon below, is that contact 
will occur at x\ =a, x2 = 0 at higher loading. 
The resulting forces Nla and moment Mu aligned locally at 
the crack front (and necessary to determine energy release rates) 
are readily found from the nonlinear plate analysis, and sub-
sequently also the associated beam variables from the super-
position principle. In order to reproduce the superposed beam 
variables as in (27), it proved practical to introduce nondi-
mensional forms according to 
Et 
- I (Sla+Sla), 
Mu=-
1 
Et' -J (Mn+Mu) 
and also similarly for energy release rates 
2 / \ 4 
a,'-» v7 c 











at vanishing Km. 
Shear forces 7V*12 were found to be of the order of one percent 
as related to compressive forces Ny \, and accordingly, the mag-
nitude of the stress intensity factor Km proved to be negligible 
and will not be discussed further. A similar feature in resem-
bling circumstances has been reported by Whitcomb (1988) 
based on three-dimensional finite element results and by Chai 
(1990) for a Rayleigh-Ritz procedure. 
The values of the remaining local beam variables are repro-
duced by a coordinate s scaled along the current crack contour 
as was shown earlier in Fig. 2 (generally) and in Fig. 6. In Fig. 
8 the results for Nn,Mu are shown for two cases of the external 
loading where the smaller one corresponds approximately to 
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Fig. 9 Nondimensional beam variables, Nn, (••••), and M„, {—) normal, " 
s = 0, and transverse, s = 1, to the loading direction as function of the Fig. 10 Nondimensional stress intensity factors, Kh (—), and R„, (••••), 
compressive loading, iak" along the circular delamination front for 60/co
r=1.03 and 1.28, respec-
tively 
initiation of buckling and the larger one to an increase of 25 
percent. As may be seen, the reduced compressive force Nu 
(s) is fairly evenly distributed along the crack contour in both 
cases, although their magnitudes differ by a factor of ten. The 
bending moment Mu (s) increases along the crack front at 
initial buckling and substantially so at higher loading. 
Extreme values for the beam variables appear in the loading 
direction and its transverse. In Fig. 9, pertinent results are 
shown as a function of nominal strain up to twice the value 
for initial buckling. The compressive force increases mono-
tonically at the crack front, whereas the bending moment lo-
cally reaches a maximum at about 20 percent above the nominal 
buckling strain and eventually changes sign at 65 percent in-
dicating approaching crack-lip overlapping. 
Once the reduced beam variables have been determined, the 
corresponding stress intensity factors may be readily read off 
from the two-dimensional results by Suo and Hutchinson 
(1990). In particular, for identical isotropic materials and a 
lamina of vanishing thickness, the stress intensity factors re-
duce to 
KI = -JZ (-iVnCOS(o-2V3Afnsina)) (51) 
Kn=-j- ( - Ni i sinu - 2V3 Mi j cosco) (52) 
where w = 52,l°. 
It should be observed first that when 7Vn> -2V3A/ntana), 
Kr becomes negative and crack lips will be expected to overlap. 
Presently, for the case studied, this will occur at 5 = 0 for 
e0= 1.28 e%. Thus at still higher loading, when physically ac-
ceptable results are to apply, contact has to be considered when 
two-dimensional theory is observed. In contrast, from Fig. 9 
it may be seen that at e0= 1.28 •4'' the bending moment (im-
plying positive curvature) is still negative everywhere, and based 
on plate theory contact will not be expected until e0= 1.65 e". 
In retrospect then, the venture of extracting stress intensity 
factors from pure beam theory appears even less appealing. 
Accordingly, the difference between results based on re-
sulting forces and moments on one hand and local stress am-
plitudes on the other should be clearly emphasized when crack 
closure is at issue. The matter has recently been analyzed by 
Chai (1990) at buckling of embedded elliptical delaminations 
based on a Rayleigh-Ritz procedure. In particular, for the 
circular case, Chai found no closure to occur at uniform 
compression whether at the crack front or elsewhere. At un-
iaxial compression, however, Chai found that closure will al-
ways occur and initiate at crack tips. In the present case, 
overlapping is expected at e0= 1.25 i
r
0 in good agreement with 
the value 1.28 above. The influence of contact on delamination 
buckling is otherwise little known, but the matter has recently 
been approached in the present circumstances also by Whit-
comb (1989a, 1990). In the case of uniform compression and 
multiple delaminations based on plate theory Larsson (1991) 
has found that the influence on energy release rates might be 
substantial. 
In Fig. 10 the stress intensity factors Kt{s) and Ku(s) are 
given for the two load levels. Both factors increase monoton-
ically along the crack front at both loadings yielding maxima 
transversely to the applied nominal uniaxial compression. It 
should be observed, however, that at increased loading Kf 
decreases for s<0.2, approximately, again remembering that 
contact may be imminent. 
In Fig. 11, stress intensity factors at the extreme points at 
the crack contour are given as a function of the compressive 
loading. At the maximum values and transversely to the load-
ing, both factors increase monotonically and are of fairly equal 
magnitude. At the loading direction KH also increases mon-
otonically, but considerably less so. As has already been prem-
ised, K, reaches a maximum, approximately at ten percent 
above the buckling load, and at higher loading, 28 percent, K{ 
is expected to change its sign. 
In order to predict fracture initiation and growth of delam-
inated members, a growth criterion is of necessity. It is a 
common experience in fracture mechanics that, in general, 
critical values for sliding modes (Kn) are higher than those of 
opening (Kf). Several criteria for composites have been pro-
posed and formulated based on particular material-dependent 
parameters, some of them summarized by Storakers (1989), 
and in general circumstances discussed as to consequences by 
Hutchinson and Suo (1992). Presently, and once a criterion 
has been established for a particular material expressed by aid 
of stress intensity factors, the automatic mesh generator worked 
out to simulate the evolution of the crack front may be directly 
applied. It goes without saying, though, that at anisotropic 
material behavior and nontrivial crack contours, determination 
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Fig. 11 Nondimensional stress intensity factors, /?,, (—), and Kn, (•—), 
normal, s = 0, and transverse, s = 1 , to the loading direction as function 
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Fig. 12 Normalized energy release rate, GIGC, along delamination con-
tour at initiation of growth and at entire front propagation 
of growth might be technically quite intricate. To complete 
the present intention and illustrate the method for growth 
prediction, the simple Griffith criterion 
G = GC (53) 
will be presently retained. From a recent review by Sela and 
Isai (1989) of fracture properties of different composite ma-
terial systems, in case of graphite/PEEK (polyetheretherke-
tone), data may be well accommodated by Eq. (53) while, for ' 
instance, graphite/epoxy seems to exhibit pronounced mode 
dependence. 
In practical situations a typical value of <5C, (48), is of order 
unity and presently Gc = 0.281 was chosen to analyze the ev-
olution of the crack front. 
In Fig. 12, the normalized distribution of the energy release 
rate, G(s)/Gc, is given for the initially circular crack front and 
shows a substantial variation. Evidently, the growth criterion 
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Fig. 13 Loci of delamination front at consecutive stages of growth 
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Fig. 14 Ratio of stress intensity factors, K,/(s)/K,(s), at initiation, (—) 
and after 38 percent of crack length growth of delamination front, (••••) 
is first fulfilled at s=l, and accordingly growth will first be 
initiated transversely to the loading. 
In Fig. 13, the determined evolution of the crack front is 
shown for different values of the external loading based directly 
on computer results with the lacking smoothness at kinks in-
dicating the accuracy. Growth is initiated at e0= 1.08 i
r
0 and 
the whole front is finally moving at eo = 0.79 eZ. Thus, the 
external load required to sustain crack growth is steadily de-
creasing, and at the last front shown in Fig. 13, it corresponds 
to e0 = 0.68 e
Co. In this sense the system must be termed unstable. 
As emphasized, however, this result is sensitive to the par-
ticular fracture criterion used. In Fig. 14, the ratio Kn{s)/K!{s) 
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is shown at local initiation of growth and at full crack length. 
Thus, although the moving front is almost of elliptical shape 
in the advanced stages of growth, as shown in Fig. 13, this 
feature might be closely related to the simple quadratic fracture 
criterion employed in (50) and (53). The predicted transverse 
delamination growth at buckling under uniaxial compression 
has, however, been observed experimentally for different ma-
terials by several investigators recently, for instance, by Whit-
comb (1989b) for a toughened graphite/epoxy. 
5 Concluding Remarks 
It was shown that the energy release rate, due to smooth 
local crack growth along a delamination front for plate mem-
bers at moderate rotations, proved to be equivalent to that of 
associated linear beams by an appropriate superposition pro-
cedure. When constitutive coupling is not at hand, however, 
stress intensity factors KHI at shearing could be extracted ex-
actly by beam analysis. A further general decomposition into 
in-plane mode-dependent variables proved to be of inadequate 
accuracy in general when based on beam theory and simple 
symmetry arguments. Instead, to determine the remaining stress 
intensity factors and to detect imminent contact, it proved 
powerful, by the introduced reduction of plate theory, to draw 
upon earlier asymptotic numerical analyses of split bimaterial 
beams. An effective method was devised earlier by finite ele-
ments and an automatic mesh generator was employed to de-
termine propagation of delamination fronts. Accordingly, the 
procedure proposed offers a unified analysis of the fracture 
process in fairly general circumstances. 
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